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12. Viscous Flow
Up to this point when we have discussed flow through closed
conduits we have assumed that the flow is invicid or frictionless,
that is, that no shear exists between fluid particles. Of course this
is not a valid assumption for actual fluid flow. Shear does occur
between fluid particles themselves and shear occurs between fluid
particles and the wall of the conduit.
Recall from basic strength of materials that shear is defined as an
action – usually a ripping, tearing, or deforming – of material
caused by a force that acts parallel to a surface. Shear stress is
the force causing the ripping, tearing or deformation divided by the
area over which it acts.
In a fluid there are two types of stresses: 1) normal stress
otherwise known as pressure and 2) shear stresses. Normal
stresses, shown in Figure 2- 174, act normal or perpendicular to
the surface that they contact. Pressure, as we saw earlier in this
document, can be the result of the weight of the fluid itself. Also,
as we will see later, pressure energy can be added to a fluid by a
pump.
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Figure 2- 174 – Normal Stress or Pressure
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Figure 2- 175 – Shear Stress

In the late 1800’s an English scientist named Osborne Reynolds
conducted experiments that helped visualize shear between fluid
particles in adjacent layers. He used an apparatus similar to that
shown in Figure 2- 176. Dye was introduced at the upstream end
of a pipeline. The flowrate through the pipe was controlled by a
valve placed at the downstream end of the line.
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Dye

Valve

Figure 2- 176

Reynolds noticed that at very low flows the dye stream remained
completely intact. The dye stream passed through the tube as a
straight line with a clear distinct interface between the dye stream
and the fluid which surrounded it. When Reynolds increased the
flowrate through the system he noticed that the dye stream began
to waver a bit and there was some blurring between the dye stream
and the surrounding fluid.
At high flows the dye stream was completely broken up and the dye
mixed completely with the surrounding fluid. Reynolds conducted
the same experiment using different fluids and different tube
diameters. He deduced that the condition under which the dye
stream remained intact varied with the flowrate through the tube,
the fluid viscosity and the diameter of the tube. The Reynolds
Number was born. A video that demonstrates laminar and
turbulent flow can be viewed from Figure 2- 177.
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Figure 2- 177 – Video Demonstrating Laminar and Turbulent Flow

The Reynolds Number is a dimensionless quantity that describes
the flow regime in a closed conduit. The Reynolds Number is
shown in Eq. (2- 198) below. At low values of the Reynolds
Number the flow is called Laminar, at high values of the Reynolds
Number the flow is called Turbulent. There is a region where the
flow is in transition from laminar to turbulent flow.
Table 2- 20 provides the values of Reynolds Number for the various
flow regimes.
𝑅 =

𝑉𝐷𝜌 𝑉𝐷
=
𝜇
𝜐

Eq. (2- 198)
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RN - Reynolds Number
V - Fluid Velocity (ft/s, m/s)
D - Pipeline Diameter (ft, m)
 - Fluid Density (slugs/ft3, kg/m3)
 - Absolute Fluid Viscosity (lb-sec/ft2, N-s/m2)
 - Kinematic Fluid Viscosity (ft2/s, m2/s)
Table 2- 20

Flow Regime
Laminar
Transitional
Turbulent

Reynolds Number
2000
2000  RN  4000
4000

In laminar flow the shear stress between fluid particles is so great
that the particles cannot pass from one layer to the next. As a result
fluid particles flow in well-defined layers hence the name laminar
flow. In turbulent flow the shear stresses between fluid particles is
not nearly as great. As a result, fluid particles are free to move
within the closed conduit thus describing the name turbulent flow.
Almost all flow within water distribution systems is turbulent flow.
Flow of blood through a vein is a case of laminar flow.
12.1.

Velocity Profile for Laminar Flow

Because of the well-defined behavior of laminar flow, we can
develop a velocity profile for this flow regime using Newton’s 2nd
Law. Assume that we have a circular tube of radius R where fluid
is flowing under steady-state conditions. Further consider that we
have a cylindrical control volume of fluid in the tube. The radius of
the cylindrical control volume is r and the length is X. This case
is shown in Figure 2- 178.
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Figure 2- 178 – Control Volume of Fluid in Circular Tube

Notice the coordinate system. The X-direction is aligned with the
direction of flow and the r-direction originates at the centerline of
the tube and radiates laterally towards the tube (or pipe) wall.
There are three forces acting on the control volume: 1) hydrostatic
forces due to internal pressure (F1 and F2), 2) the weight of the
control volume (WX) and 3) friction forces between fluid particles or
layers (FR).
If we apply Newton’s 2nd law to the control volume of liquid in the
direction of fluid movement we have:
𝐹 −𝐹 ±𝑊 −𝐹 =

𝑑(𝑚𝑉)
𝑑𝑡

Eq. (2- 199)

The reason that there is a  sign associated with the weight term is
because the direction associated with the weight of the control
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volume depends on how the tube or pipe is oriented with respect
to the horizontal axis. Also the direction of flow plays a role since
we assume that a positive X-direction occurs in the direction of
flow. It is important to note that the resistance or friction force, F R,
always acts opposite the direction of flow.
Under steady-state conditions, there is no change in momentum
with respect to time. As a result, Eq. (2- 199) may be written as:
𝐹 −𝐹 ±𝑊 −𝐹 =0
Eq. (2- 200)

Forces:
1. Hydrostatic forces due to internal pressure – pressure times
area over which the pressure acts:
𝐹 = 𝑃 𝐴 = 𝑃 𝜋𝑟
𝐹 = 𝑃 𝐴 = 𝑃 𝜋𝑟
2. Weight component in the direction of flow – specific weight
times volume:
𝑊 = 𝛾∀ sin(𝜃 ) = 𝛾Δ𝑋𝐴 sin(𝜃 ) = 𝛾Δ𝑋𝜋𝑟 sin(𝜃 )
3. Resistance force – shear stress times surface area:
𝐹 = 𝜏𝜋𝐷Δ𝑋 = 𝜏𝜋2𝑟Δ𝑋
Notice that the resistance force is due to shear between adjacent
fluid layers. In the case of the cylindrical control volume shown in
Figure 2- 178, shear occurs at the interface of the fluid at the control
surface and the fluid immediately adjacent to the control surface.
© 2002-2022 WaterWare Consultants. All rights reserved.
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Recall from Newton’s Law of Viscosity that shear in a fluid can be
expressed as:
𝜏=𝜇

𝑑𝑉
𝑑𝑟

Eq. (2- 201)

Where dV/dr is the derivative of the velocity with respect to the
radial direction.
Substituting the forces into Eq. (2- 200) gives:
𝑃 𝐴 − 𝑃 𝐴 ± 𝛾Δ𝑋𝐴 sin(𝜃 ) − 𝜏2𝜋𝑟Δ𝑋 = 0
Eq. (2- 202)

Dividing throughout by area, A, we have:
(𝑃 − 𝑃 ) ± 𝛾 ΔXsin(𝜃 ) −

𝜏2𝜋𝑟Δ𝑋
=0
𝜋𝑟

Eq. (2- 203)

Simplifying Eq. (2- 203) and solving for the shear stress, , we
obtain:
𝜏=

1
(Δ𝑃 ± 𝛾Δ𝑋 sin(𝜃 ))𝑟
2Δ𝑋

Eq. (2- 204)

Now we will provide a relationship between the shear stress
described in Eq. (2- 204) above with the shear stress expressed in
Newton’s Law of Viscosity.
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Taking the derivative of shear stress expressed in Eq. (2- 201) with
respect to distance we have:
𝑑𝜏
𝑑 𝑉
=𝜇
𝑑𝑟
𝑑𝑟
Eq. (2- 205)

Taking the derivative of shear stress expressed in Eq. (2- 204) with
respect to distance we have:
𝑑𝜏
1
(Δ𝑃 ± 𝛾Δ𝑋 sin(𝜃 ))
=
𝑑𝑟 2Δ𝑋
Eq. (2- 206)

Equating Eq. (2- 205) and Eq. (2- 206) we have:
𝑑𝜏
𝑑 𝑉
1
(Δ𝑃 ± 𝛾Δ𝑋 sin(𝜃 ))
=𝜇
=
𝑑𝑟
𝑑𝑟
2Δ𝑋
Eq. (2- 207)

Or
𝑑 𝑉
1
(Δ𝑃 ± 𝛾Δ𝑋 sin(𝜃 ))
=
𝑑𝑟
2𝜇Δ𝑋
Eq. (2- 208)

Integrating Eq. (2- 208) once gives:
𝑑𝑉
1
(Δ𝑃 ± 𝛾Δ𝑋 sin(𝜃 ))𝑟 + 𝐶
=
𝑑𝑟 2𝜇Δ𝑋
Eq. (2- 209)
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Integrating Eq. (2- 209) gives:
𝑉 (𝑟) =

1
(Δ𝑃 ± 𝛾Δ𝑋 sin(𝜃 ))𝑟 + 𝐶 𝑟 + 𝐶
4𝜇Δ𝑋

Eq. (2- 210)

We need two boundary conditions in order to find the constants of
integration associated with Eq. (2- 210). We know that the velocity
of the fluid is zero at the pipe wall. We also know that the velocity
of the fluid is not zero – in fact it is a maximum – at the pipe
centerline. These boundary conditions are:
V(r=R) = 0 and V(r=0) = VMax
Using the boundary condition that the velocity of the fluid at the
pipe centerline (r=0) is a maximum gives:
𝑉 (𝑟 = 0) = 𝑉

=

1
(Δ𝑃 ± 𝛾Δ𝑋 sin(𝜃 ))(0) + 𝐶 (0) + 𝐶
4𝜇Δ𝑋

which indicates that the constant of integration C2 is not zero but
rather is equal to the maximum velocity.
𝑉

=𝐶

Now we use the boundary condition that the velocity is zero at the
pipe wall, that is, when r = R.
𝑉 (𝑟 = 𝑅 ) = 0 =

1
(Δ𝑃 ± 𝛾Δ𝑋 sin(𝜃 ))𝑅 + 𝐶 𝑅 + 𝑉
4𝜇Δ𝑋

The constants of integration that satisfy the boundary conditions
are:
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C1 =0
and
𝑉

=𝐶 =−

1
(Δ𝑃 ± 𝛾Δ𝑋 sin(𝜃 ))𝑅
4𝜇Δ𝑋

Substituting these constants of integration back into Eq. (2- 210)
gives:
𝑉 (𝑟) =

1
(Δ𝑃 ± 𝛾Δ𝑋 sin(𝜃 ))(𝑟 − 𝑅 )
4𝜇Δ𝑋

Eq. (2- 211)

Velocity Profile for Lamina Flow
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Figure 2- 179 – Typical Velocity Profile for Laminar Flow

Eq. (2- 211) provides a description of the velocity profile of
laminar flow in a circular tube or conduit. The velocity profile is a
© 2002-2022 WaterWare Consultants. All rights reserved.
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description of how the velocity varies over distance. Notice that
the velocity profile is parabolic for laminar flow with a maximum
velocity occurring at the pipe centerline. Figure 2- 179 shows a
dimensionless velocity profile thereby providing an illustration of
the general shape of the profile.
Some may notice that Eq. (2- 211) produces a negative velocity for
distances, r, less than the pipe radius. The velocity is positive. The
space derivative of the velocity is negative for flow in a circular
conduit. In other words:
𝜏 = −𝜇

𝑑𝑉
𝑑𝑟

Eq. (2- 212)

Let’s examine the velocity profile more closely both at a location
above the pipe centerline and at a location below the pipe center.
We know from finite differences that:
𝑑𝑉 ∆𝑉 𝑉 − 𝑉
≅
=
𝑑𝑟 ∆𝑟
𝑟 −𝑟
From Figure 2- 180 the velocity at Point 2 is greater than the
velocity at Point 1. However, the distance from the pipe center for
Point 2 is less than the distance from the pipe center for Point 1.
Therefore, the difference in velocity divided by the difference in
distance is negative.
𝑑𝑉 ∆𝑉 𝑉 − 𝑉
≅
=
<0
𝑑𝑟 ∆𝑟
𝑟 −𝑟
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Figure 2- 180 – Velocity Profile Above Pipe Centerline

From Figure 2- 181 we can see the same effect. The velocity at
Point 2 is greater than the velocity at Point 1 thus the difference in
velocity is positive. However, the distance from the pipe center
associated with Point 2 is less than the distance from the pipe
center for Point 1. Thus the difference in distance is negative.
Consequently:
𝑑𝑉 ∆𝑉 𝑉 − 𝑉
≅
=
<0
𝑑𝑟 ∆𝑟
𝑟 −𝑟
What this indicates is that the velocity decreases as the distance
from the pipeline center increases, i.e. dV/dr < 0. Thus the velocity
of the fluid in a circular conduit located some distance r from the
pipeline is actually a positive value whose magnitude can be found
from Eq. (2- 211).
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Figure 2- 181 – Velocity Profile Below Pipe Centerline

Thus in terms of computing the magnitude of the velocity at some
distance r from the center of the pipe, we may use Eq. (2- 213)
below.
𝑉 (𝑟) =

1
(Δ𝑃 ± 𝛾Δ𝑋 sin(𝜃 ))(𝑅 − 𝑟 )
4𝜇Δ𝑋

Eq. (2- 213)

12.2.

Hagen-Poiseuille Equation

If we integrate Eq. (2- 211) over the pipe area then we would
develop an expression for the flow rate through the tube. This is
shown below:
𝑑𝑄 = 𝑉 (𝑟)𝑑𝐴
Eq. (2- 214)
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𝑉 (𝑟)𝑑𝐴 =

=

𝑉 (𝑟)2𝜋𝑟𝑑𝑟

1
(Δ𝑃 ± 𝛾Δ𝑋 sin(𝜃 ))(𝑟 − 𝑅 )2𝜋𝑟𝑑𝑟
4𝜇Δ𝑋

Eq. (2- 215)

Even though Eq. (2- 215) appears to be quite complicated, we must
recognize that most of the components associated with the
equation are constant with respect to pipeline radius, r. Moving all
constant terms outside of the integral produces:

𝑄=

2𝜋
(Δ𝑃 ± 𝛾Δ𝑋 sin(𝜃 ))
4𝜇Δ𝑋

(𝑟 − 𝑟𝑅 )𝑑𝑟 = 𝐾

(𝑟 − 𝑟𝑅 )𝑑𝑟

Eq. (2- 216)

Solving Eq. (2- 216) gives:
𝑄=𝐾

1
1
𝑟 − 𝑟 𝑅
4
2

|

Eq. (2- 217)

𝑄=𝐾

1
1
𝑅 − 𝑅 𝑅
4
2

1
−0 =𝐾 − 𝑅
4

Eq. (2- 218)

The negative sign in Eq. (2- 218) associated with the pipe radius,
R, again is due to the derivative of the velocity with respect to
distance being a negative quantity. The discharge found from the
expression above will be a positive quantity. Therefore, we will
ignore the negative sign recognizing that its presence is due to
© 2002-2022 WaterWare Consultants. All rights reserved.
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dV/dr < 0. Expanding Eq. (2- 218) fully provides:
𝑄=

𝜋𝑅
(Δ𝑃 ± 𝛾Δ𝑋 sin(𝜃 ))
8𝜇Δ𝑋

Eq. (2- 219)

Eq. (2- 219) is the Hagen-Poiseuille equation which provides a
relationship between the discharge and pressure drop in a circular
tube flowing under laminar flow conditions. Later we will use the
Hagen-Poiseuille equation to derive the Darcy-Weisbach head loss
expression for laminar flow. The Darcy-Weisbach head loss
equation is widely used to estimate friction losses in pipes.
Notice from Eq. (2- 219) above that the discharge is a function of
the size of the pipe (R), the length of the pipe (X), the viscosity of
the fluid (), the pressure drop that occurs over the length of the
pipe (P) and the elevation drop/rise that occurs over the length of
the pipe. In practice, it is more common to use the pipe diameter
instead of the pipe radius. Also we use the term L to express pipe
length instead of X. Therefore, another form of Eq. (2- 219) that
makes use of pipe diameter and length is:
𝑄=

𝜋𝐷
(Δ𝑃 ± 𝛾L sin(𝜃 ))
128𝜇L

Eq. (2- 220)

12.2.1.

Laminar Flow – Example #1

Find the velocity at a point located midway between the pipe
centerline and the pipe wall if the pipe is horizontal and the
pressure drop across the 100 ft long pipe is 20 psi. Assume that
the liquid in the 1.5-inch pipe is glycerin at a temperature of 60 oF.
The dynamic viscosity of glycerin at a temperature of 60 oF is  =
© 2002-2022 WaterWare Consultants. All rights reserved.
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2x10-2 lb-s/ft2.
We will use Eq. (2- 213) to find the velocity at r = 0.50R. Since the
pipe is horizontal there is no elevation change thus  = 0. The
pressure drop is 20 psi which is equivalent to P = 2,880 psf.
Substituting this information into use Eq. (2- 213) gives:
1
(Δ𝑃 ± 𝛾Δ𝑋 sin(𝜃 ))(𝑅 − 𝑟 )
4𝜇Δ𝑋
1
=
2880 𝑙𝑏
𝑓𝑡
4 0.02 𝑙𝑏 − 𝑠
100 𝑓𝑡
𝑓𝑡
− (0.5𝑅) )

𝑉 (𝑟 = 0.5𝑅 ) =

𝑉 (𝑟 = 0.5𝑅 ) =

1
4 0.02 𝑙𝑏 − 𝑠

𝑓𝑡

100 𝑓𝑡

2880 𝑙𝑏

(𝑅

(0.75𝑅 )

𝑓𝑡

= 270𝑅
The diameter of the pipe is given as 1.5-inches or a radius of 0.75inches which is equivalent to 0.0625 ft. Substituting this quantity
into the expression above gives us the velocity at a point midway
between the
𝑉 (𝑟 = 0.5𝑅 ) = 270𝑅 = 270(0.0625) = 1.05
12.2.2.

𝑓𝑡

𝑠

Laminar Flow – Example #2

Find the distance from the center of a pipe where the velocity is
equal to the average pipeline velocity.
The average pipeline velocity can be found by dividing the
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discharge obtained from the Hagen-Poiseuille equation by the
pipeline area as shown below:
𝑉=

𝑄
𝜋𝑅
𝑅
(Δ𝑃 ± 𝛾Δ𝑋 sin(𝜃 )) =
(Δ𝑃 ± 𝛾Δ𝑋 sin(𝜃 ))
=
𝐴 8𝜇Δ𝑋(𝜋𝑅 )
8𝜇Δ𝑋

We can equate the average pipeline velocity from the expression
above with the formula for the velocity profile. This is shown below:
1
(Δ𝑃 ± 𝛾Δ𝑋 sin(𝜃 ))(𝑅 − 𝑟 )
4𝜇Δ𝑋
𝑅
(Δ𝑃 ± 𝛾Δ𝑋 sin(𝜃 ))
=
8𝜇Δ𝑋

𝑉 (𝑟) = 𝑉 =

Simplifying we obtain:
(𝑅 − 𝑟 ) =

𝑟 =

𝑟=

𝑅
=
2

𝑅
2

𝑅
2

1
𝑅 = 0.707𝑅
2

Thus the velocity at a point that is 70.7% of the radius is equal to
the average pipeline velocity as illustrated in the figure below.
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Figure 2- 182 – Location of Average Velocity

12.2.3.

Laminar Flow – Example #3

Find the pipe size required so that the pressure at Point #2 is the
same as the pressure at Point #1. The fluid is glycerin (S = 1.26)
at a temperature of 40o C. The discharge through the line is 0.004
m3/sec.
Let’s assume that the flow is laminar. This is a valid assumption
because the fluid is glycerin – a thick fluid. Once we find the
diameter we can verify if indeed the flow is laminar. We use the
Hagen-Poiseuille equation as shown below recognizing that if P 1 =
P2 then P = 0. From Figure 2- 5 the absolute viscosity for glycerin
at a temperature of 40oC is  = 1.6 x 10-1 N-s/m2.
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Figure 2- 183

Hagen-Poiseuille equation is:
𝑄=

0.004

𝜋𝐷
(Δ𝑃 ± 𝛾L sin(𝜃 ))
128𝜇L

𝑚
𝜋𝐷
=
0
𝑁−𝑠
𝑠
128 1.6𝑥10
(30 𝑚)
𝑚
𝑁
+ 1.26 ∗ 9810
(30 𝑚) sin(30 )
𝑚

Solving the equation above we have:

0.004

𝑚
= 948.05𝐷
𝑠

1
𝑚−𝑠
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0.004
𝐷=
𝑚
948.05

/

= 0.045 𝑚 = 45 𝑚𝑚

Now we verify that the flow is laminar thus permitting the use Hagen
– Poiseuielle. Let’s compute the Reynolds number. From Figure
2- 6 the kinematic viscosity of glycerin at a temperature of 40 oC is
9 x 10-5 m2/s.
𝑅 =

𝑉𝐷𝜌 𝑉𝐷
=
𝜇
𝜈

The velocity is:
𝑚
0.004
𝑄
𝑠
𝑉= = 𝜋
= 2.48 𝑚/𝑠
𝐴
(0.045 𝑚)
4
𝑅 =

𝑉𝐷 2.48 𝑚/𝑠(0.045 𝑚)
=
= 1,240
𝑚
𝜈
9𝑥10
𝑠

Note that the Reynolds Number is less than 2,000 indicating that
the flow is laminar. Therefore the use of Hagen-Poiseuielle is
appropriate.
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Velocity Profile for Turbulent Flow

The velocity profile for turbulent flow cannot be completely
determined mathematically as it can with laminar flow. Rather the
velocity profile must be determined experimentally. There have
been a number of researchers who have investigated turbulent flow
and the velocity profile for turbulent flow is well documented in
many fluid mechanics textbooks. The essential idea though is that
turbulent flow is characterized by eddies which produce random
variations in the velocity profile.

Turbulent Velocity Profile
Laminar Velocity Profile
r

Pipe Center

X

Figure 2- 184 – Velocity Profile for Turbulent and Laminar Flow

Figure 2- 184 shows the laminar and turbulent velocity profiles.
Note that the turbulent profile is not as “pointed” or “bullet-shaped”
as the laminar profile. In fact, the turbulent profile acts like the
laminar profile just a very short distance from the pipe wall. After
this distance the effect of shear is very small compared with the
shear present in laminar flow.
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The velocity profile for turbulent flow has three distinct regions as
shown in Figure 2- 185: 1) the Viscous Sublayer, 2) the Overlap
Layer and 3) the Turbulent Layer. The average velocity in turbulent
flow is close to the maximum velocity. Moreover, the velocity
approaches the average pipeline velocity a much shorter distance
away from the pipe wall compared with laminar flow.
Pipe Centerline

Turbulent Layer

Overlap Layer
Viscous Sublayer

Figure 2- 185 - Turbulent Flow Layers

The Viscous Sublayer is a very narrow region adjacent to the
pipeline wall where viscous forces dominate. Flow within the
Viscous Sublayer is nearly laminar and thus the viscosity of the
fluid plays a major role in head losses. Notice that the velocity
gradient, dV/dr, is very large within the Viscous Sublayer.
In other words, the velocity experiences large changes within the
Viscous Sublayer. The velocity transitions from zero at the pipe
wall to a value close to the maximum velocity and does so over a
very small distance, i.e. over a thin layer. Within the viscous
sublayer the shear stresses in the fluid are essentially constant and
are very close in magnitude to the shear stress at the wall, o.
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Max velocity at pipe centerline

Pipe Centerline

dV
dY

Viscous Sublayer

Figure 2- 186 - Turbulent Flow Layers

Recall from Eq. (2- 1) that an expression for Newton’s Law of
Viscosity is:
𝜏=𝜇

𝑑𝑉
𝑑𝑦

If we divide the expression above by the fluid density, , we have:
𝜏 𝜇 𝑑𝑉
𝑑𝑉
=
=𝜈
𝜌 𝜌 𝑑𝑦
𝑑𝑦
Eq. (2- 221)

Where:

 - kinematic viscosity of the fluid

Recall the no-slip condition indicating that the velocity of the fluid
at the pipe wall is zero. Furthermore assuming that the distance
into the pipe, dy, is small then the space derivative of velocity with
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respect to distance, dV/dy, can be expressed as:
𝜏
𝑑𝑉
𝑉−0
𝑉
=𝜈
=𝜈
=𝜈
𝜌
𝑑𝑦
𝑦−0
𝑦
Eq. (2- 222)

Let’s examine more closely the dimensions associated with the
term /. The dimensions of shear stress are force over area. The
dimensions of fluid density are mass per unit volume. Performing
a dimensional analysis we obtain:
𝜏
𝐹𝐿
𝐹−𝐿
=
=
𝜌 𝐿 𝑀
𝑀
Eq. (2- 223)

Newton’s second law provides us with a relationship between force
and mass. Force is equal to mass times length over time squared.
𝐹=𝑀

𝐿
𝑇

Eq. (2- 224)

Substituting Eq. (2- 224) above into Eq. (2- 223) gives:

𝜏
𝐹𝐿
𝐹−𝐿 𝑀−𝐿
𝐿
=
=
=
=
𝜌 𝐿 𝑀
𝑀
𝑀−𝑇
𝑇
Eq. (2- 225)

Notice that the dimensions associated with / are the same as
velocity squared. For this reason the square root of / is called
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the shear-stress velocity or the friction velocity and is denoted by
*.

𝜇∗ =

𝜏
𝜌

Eq. (2- 226)

Substituting Eq. (2- 226) into Eq. (2- 222) gives:
𝜇∗ = 𝜈

𝑉
𝑦

Eq. (2- 227)

Or
𝑉 𝜇∗ 𝑦
=
𝜇∗
𝜈
Eq. (2- 228)

Eq. (2- 228) is valid as long as the distance from the pipe wall, y, is
less than the thickness of the viscous sublayer. Notice that the
relationship between the velocity of the fluid and the kinematic
viscosity of the fluid, , is linear.
Experiments have shown that the expression presented in Eq. (2228) is valid from the pipe wall up to a point where the ratio of the
fluid velocity to the shear-stress velocity is 5. In other words Eq.
(2- 228) is valid from:
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0 ≤

𝜇∗ 𝑦
≤ 5
𝜈

Eq. (2- 229)

Eq. (2- 229) indicates that as the fluid viscosity increases the
thickness of the viscous sublayer also increases. Similarly, if the
shear-stress velocity decreases then the thickness of the viscous
sublayer increases. Shear-stress velocity decreases may be
caused by a decrease in the shear stress at the wall or by an
increase in the fluid density. The thickness of the viscous sublayer
is, from a practical perspective, very small – usually no more than
one percent of the pipe diameter.
In the Overlap Layer viscous forces are present, but they do not
dominate to the degree that they dominate in the viscous sublayer.
In fact, if the height of roughness elements are greater than the
thickness of the viscous sublayer – as shown in Figure 2- 187 –
then the presence of the roughness elements causes disturbances
in the fluid movement. Consequently, there is a small amount of
turbulence in this region.
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Max velocity at pipe centerline

Pipe Centerline

Viscous Sublayer
Thickness

Figure 2- 187 – Roughness Height and Viscous Sublayer Thickness

Experimental results and dimensional analysis indicate that the
logarithmic expression shown below can be used to describe the
velocity profile in the overlap layer.
𝑉 1
𝑦𝜇∗
= 𝑙𝑛
+𝐵
𝜇∗ 𝑘
𝜈
Eq. (2- 230)

Where k and B are constants whose values have been determined
by experiment to be k = 0.40 and B = 5.0.
In the Turbulent Layer, also called the Outer Layer, the effect of
viscosity is virtually nonexistent. A commonly used relationship for
the turbulent layer is the Power-Law which is shown below.
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𝑉(𝑦)
𝑦
=
𝑉
𝑅

/

Eq. (2- 231)

Where VMax is the velocity at the pipe centerline, R is the pipe radius
and y is the distance from the pipe wall. The value of the exponent,
N, is dependent upon the Reynolds Number of the fluid. The higher
the Reynolds Number the greater the exponent value. A value of
N = 7 is commonly used for many practical applications.
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